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10 EXISTENCE OF DOUBLY-WEIGHTED PSEUDO ALMOST PERIODIC
SOLUTIONS TO SOME CLASSES OF NONAUTONOMOUS
DIFFERENTIAL EQUATIONS
TOKA DIAGANA
Abstract. The main objective of this paper is twofold. We first show that if the doubly-
weighted Bohr spectrum of an almost periodic function exists, then it is either empty or
coincides with the Bohr spectrum of that function. Next, we investigate the problem which
consists of the existence of doubly-weighted pseudo-almost periodic solutions to some
nonautonomous abstract differential equations.
1. Introduction
Motivated by the functional structure of the so-called weighted Morrey spaces [16], in
Diagana [10], a new concept called doubly-weighted pseudo-almost periodicity, which
generalizes in a natural fashion the notion of weighted pseudo-almost periodicity is
introduced and studied. Among other things, in [10], properties of these new functions
have been studied including the stability of the convolution operator, the translation-
invariance, the existence of a doubly-weighted mean for almost periodic functions under
some reasonable assumptions, the uniqueness of the decomposition involving these new
functions as well as some results on the composition of these new functions have been
studied.
The main objective of this paper is twofold. We first show if the doubly-weighted Bohr
spectrum of an almost periodic function exists, then it is either empty or coincides with
the Bohr spectrum of that function. Next, we investigate the problem which consists of
the existence of doubly-weighted pseudo-almost periodic solutions to the nonautonomous
abstract differential equations
u′(t) = A(t)u(t) + g(t, u(t)), t ∈ R,(1.1)
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where A(t) for t ∈ R is a family of closed linear operators on D(A(t)) satisfying the well-
known Acquistapace and Terreni conditions, and g : R × X 7→ X is doubly weighted
pseudo-almost periodic in t ∈ R uniformly in the second variable.
It is well-known that in that case, there exists an evolution family U = {U(t, s)}t≥s
associated with the family of linear operators A(t). Assuming that the evolution family
U = {U(t, s)}t≥s is exponentially dichotomic and under some additional assumptions it will
be shown that Eq. (1.1) has a unique doubly-weighted pseudo-almost periodic solution.
The existence of weighted pseudo-almost periodic, weighted pseudo-almost automor-
phic, and pseudo-almost periodic solutions to differential equations constitutes one of the
most attractive topics in qualitative theory of differential equations due to possible appli-
cations. Some contributions on weighted pseudo-almost periodic functions, their exten-
sions, and their applications on differential equations have recently been made, among
them are for instance [1], [5], [7], [8], [12], [13], [14], [15], [18], [20], [21], [28], and
[29] and the references therein. However, the problem which consists of the existence
of doubly-weighted pseudo-almost periodic(mild) solutions to evolution equations in the
form Eq. (1.1) is quite new and untreated and thus constitutes one of the main motivations
of the present paper.
The paper is organized as follows: Section 2 is devoted to preliminaries results related
to the existence of an evolution family, intermediate spaces, properties of weights, and
basic definitions and results on the concept of doubly-weighted pseudo-almost periodic
functions. Section 3 is devoted to the existence of a doubly-weighted Bohr spectral
theory for almost periodic functions while Section 4 is devoted to the existence of doubly-
weighted pseudo-almost periodic solutions to Eq. (1.1).
2. Preliminaries
Let (X, ‖ · ‖) be a Banach space. If C is a linear operator on X, then D(C), ρ(C), and
σ(C) stand respectively for the domain, resolvent, and spectrum of C. Similarly, one sets
R(λ,C) := (λI −C)−1 for all λ ∈ ρ(C) where I is the identity operator for X. Furthermore,
we set Q = I − P for a projection P. We denote the Banach algebra of bounded linear
operators on X equipped with its natural norm by B(X).
If Y is another Banach space, we then let BC(R,X) (respectively, BC(R×Y,X)) denote
the collection of allX-valued bounded continuous functions and equip it with the sup norm
(respectively, the space of jointly bounded continuous functions F : R × Y 7→ X).
The space BC(R,X) equipped with the sup norm is a Banach space. Furthermore,
C(R,Y) (respectively, C(R × Y,X)) denotes the class of continuous functions from R into
Y (respectively, the class of jointly continuous functions F : R × Y 7→ X).
2.1. Evolution Families. The setting of this Subsection follows that of Baroun et al. [3]
and Diagana [14]. Fix once and for all a Banach space (X, ‖ · ‖).
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Definition 2.1. A family of closed linear operators A(t) for t ∈ R onXwith domain D(A(t))
(possibly not densely defined) satisfy the so-called Acquistapace and Terreni conditions, if
there exist constants ω ∈ R, θ ∈ ( π2 , π), L > 0 and µ, ν ∈ (0, 1] with µ + ν > 1 such that
(2.1) Σθ ∪ {0} ⊂ ρ(A(t) − ω) ∋ λ, ‖R(λ, A(t) − ω)‖ ≤ K1 + |λ| for all t ∈ R,
and
(2.2) ‖(A(t) − ω)R(λ, A(t) − ω) [R(ω, A(t)) − R(ω, A(s))]‖ ≤ L |t − s|
µ
|λ|ν
for t, s ∈ R, λ ∈ Σθ := {λ ∈ C \ {0} : | argλ| ≤ θ}.
For a given family of linear operators A(t), the existence of an evolution family
associated with it is not always guaranteed. However, if A(t) satisfies Acquistapace-
Terreni, then there exists a unique evolution family
U = {U(t, s) : t, s ∈ R such that t ≥ s}
on X associated with A(t) such that U(t, s)X ⊆ D(A(t)) for all t, s ∈ R with t ≥ s, and
(a) U(t, s)U(s, r) = U(t, r) for t, s ∈ R such that t ≥ s ≥ s;
(b) U(t, t) = I for t ∈ R where I is the identity operator of X;
(c) (t, s) 7→ U(t, s) ∈ B(X) is continuous for t > s;
(d) U(·, s) ∈ C1((s,∞), B(X)), ∂U
∂t
(t, s) = A(t)U(t, s) and∥∥∥A(t)kU(t, s)∥∥∥ ≤ K (t − s)−k
for 0 < t − s ≤ 1 and k = 0, 1.
Definition 2.2. An evolution family U = {U(t, s) : t, s ∈ R such that t ≥ s} is said to
have an exponential dichotomy (or is hyperbolic) if there are projections P(t) (t ∈ R) that
are uniformly bounded and strongly continuous in t and constants δ > 0 and N ≥ 1 such
that
(e) U(t, s)P(s) = P(t)U(t, s);
(f) the restriction UQ(t, s) : Q(s)X → Q(t)X of U(t, s) is invertible (we then set
U˜Q(s, t) := UQ(t, s)−1); and
(g) ‖U(t, s)P(s)‖ ≤ Ne−δ(t−s) and
∥∥∥U˜Q(s, t)Q(t)∥∥∥ ≤ Ne−δ(t−s) for t ≥ s and t, s ∈ R.
This setting requires some estimates related to U = {U(t, s)}t≥s. For that, we introduce
the interpolation spaces for A(t).
Let A be a sectorial operator on X (in Definition 2.1, replace A(t) with A) and let
α ∈ (0, 1). Define the real interpolation space
X
A
α :=
{
x ∈ X : ‖x‖Aα := supr>0 ‖rα(A − ω)R(r, A − ω)x‖ < ∞
}
,
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which, by the way, is a Banach space when endowed with the norm ‖ · ‖Aα . For convenience
we further write
X
A
0 := X, ‖x‖
A
0 := ‖x‖, X
A
1 := D(A)
and ‖x‖A1 := ‖(ω − A)x‖. Moreover, let ˆXA := D(A) of X.
Definition 2.3. Given a family of linear operators A(t) for t ∈ R satisfying the
Acquistapace-Terreni conditions, we set Xtα := X
A(t)
α and ˆXt := ˆXA(t) for 0 ≤ α ≤ 1
and t ∈ R, with the corresponding norms.
Proposition 2.4. [3] For x ∈ X, 0 ≤ α ≤ 1 and t > s, the following hold:
(i) There is a constant c(α), such that
(2.3) ‖U(t, s)P(s)x‖tα ≤ c(α)e−
δ
2 (t−s)(t − s)−α‖x‖.
(ii) There is a constant m(α), such that
(2.4) ‖U˜Q(s, t)Q(t)x‖sα ≤ m(α)e−δ(t−s)‖x‖, t ≤ s.
2.2. Properties of Weights. This subsection is similar to the one given in Diagana [10]
except that most of all the proofs will be omitted.
Let U denote the collection of functions (weights) ρ : R 7→ (0,∞), which are locally
integrable over R such that ρ > 0 almost everywhere.
In the rest of the paper, if µ ∈ U, T > 0, and a ∈ R, we then set QT := [−T, T ],
QT + a := [−T + a, T + a], and
µ(QT ) :=
∫
QT
µ(x)dx.
Here as in the particular case when µ(x) = 1 for each x ∈ R, we are exclusively
interested in the weights µ for which,
lim
T→∞
µ(QT ) = ∞.
Consequently, we define the space of weights U∞ by
U∞ :=
{
µ ∈ U : inf
x∈R
µ(x) = µ0 > 0 and lim
T→∞
µ(QT ) = ∞
}
.
In addition to the above, we define the set of weights UB by
UB :=
{
µ ∈ U∞ : sup
x∈R
µ(x) = µ1 < ∞
}
.
We also need the following set of weights, which makes the spaces of weighted pseudo-
almost periodic functions translation-invariant,
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U
Inv
∞ :=
{
µ ∈ U∞ : lim
x→∞
µ(x + τ)
µ(x) < ∞ and limT→∞
µ(QT+τ)
µ(QT ) < ∞ for all τ ∈ R
}
.
Let Uc∞ denote the collection of all continuous functions (weights) µ : R 7→ (0,∞) such
that µ > 0 almost everywhere.
Define
U
s
∞ :=
{
µ ∈ Uc∞ ∩ U∞ : lim
x→∞
µ(x + τ)
µ(x) < ∞ for all τ ∈ R
}
.
Lemma 2.5. [10, Diagana] The inclusion Us∞ ⊂ UInv∞ holds.
Definition 2.6. Let µ, ν ∈ U∞. One says that µ is equivalent to ν and denote it µ ≺ ν, if
µ
ν
∈ UB.
Let µ, ν, γ ∈ U∞. It is clear that µ ≺ µ (reflexivity); if µ ≺ ν, then ν ≺ µ (symmetry); and
if µ ≺ ν and ν ≺ γ, then µ ≺ γ (transitivity). Therefore, ≺ is a binary equivalence relation
on U∞.
We have
Proposition 2.7. Let µ, ν ∈ UInv∞ . If µ ≺ ν, then σ = µ + ν ∈ UInv∞ .
Proposition 2.8. Let µ, ν ∈ Us∞. Then their product π = µν ∈ Us∞. Moreover, if µ ≺ ν,
then σ := µ + ν ∈ Us∞.
The next theorem describes all the nonconstant polynomials belonging to the set of
weights U∞.
Theorem 2.9. [10, Diagana] If µ ∈ U∞ is a nonconstant polynomial of degree N, then N
is necessarily even (N = 2n′ for some nonnegative integer n′). More precisely, µ can be
written in the following form:
µ(x) = a
n∏
k=0
(x2 + ak x + bk)mk
where a > 0 is a constant, ak and bk are some real numbers satisfying a2k −4bk < 0, and mk
are nonnegative integers for k = 0, ..., n. Furthermore, the weight µ given above belongs
to Us∞.
2.3. Doubly-Weighted Pseudo-Almost Periodic Functions.
Definition 2.10. A function f ∈ C(R,X) is called (Bohr) almost periodic if for each ε > 0
there exists l(ε) > 0 such that every interval of length l(ε) contains a number τ with the
property that
‖ f (t + τ) − f (t)‖ < ε for each t ∈ R.
6 TOKA DIAGANA
The collection of all almost periodic functions will be denoted AP(X).
Definition 2.11. A function F ∈ C(R × Y,X) is called (Bohr) almost periodic in t ∈ R
uniformly in y ∈ Y if for each ε > 0 and any compact K ⊂ Y there exists l(ε) such that
every interval of length l(ε) contains a number τ with the property that
‖F(t + τ, y) − F(t, y)‖ < ε for each t ∈ R, y ∈ K.
The collection of those functions is denoted by AP(Y,X).
If µ, ν ∈ U∞, we then define
PAP0(X, µ, ν) :=
{
f ∈ BC(R,X) : lim
T→∞
1
µ(QT )
∫
QT
‖ f (σ)‖ ν(σ) dσ = 0
}
.
Similarly, we define PAP0(Y,X, µ, ν) as the collection of jointly continuous functions
F : R × Y 7→ X such that F(·, y) is bounded for each y ∈ Y and
lim
T→∞
1
µ(QT )
{∫
QT
‖F(s, y)‖ ν(s) ds
}
= 0
uniformly in y ∈ Y.
Definition 2.12. Let µ, ν ∈ U∞. A function f ∈ C(R,X) is called doubly-weighted pseudo-
almost periodic if it can be expressed as f = g+φ, where g ∈ AP(X) and φ ∈ PAP0(X, µ, ν).
The collection of such functions will be denoted by PAP(X, µ, ν).
Definition 2.13. Let µ, ν ∈ U∞. A function F ∈ C(R × Y,X) is called doubly-weighted
pseudo-almost periodic if it can be expressed as F = G + Φ, where G ∈ AP(Y,X) and
Φ ∈ PAP0(Y,X, µ, ν). The collection of such functions will be denoted by PAP(Y,X, µ, ν).
Proposition 2.14. [10, Diagana] Let µ ∈ U∞ and let ν ∈ UInv∞ such that
sup
T>0
[
ν(QT )
µ(QT )
]
< ∞.(2.5)
Let f ∈ PAP0(R, µ, ν) and let g ∈ L1(R). Suppose
lim
T→∞
[
µ(QT+|τ|)
µ(QT )
]
< ∞ for all τ ∈ R.(2.6)
Then f ∗ g, the convolution of f and g on R, belongs to PAP0(R, µ, ν).
Proof. It is clear that if f ∈ PAP0(R, µ, ν) and g ∈ L1(R), then their convolution
f ∗ g ∈ BC(R,R). Now setting
J(T, µ, ν) := 1
µ(QT )
∫
QT
∫
+∞
−∞
| f (t − s)| |g(s)|ν(t) dsdt
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it follows that
1
µ(QT )
∫
QT
|( f ∗ g)(t)|ν(t)dt ≤ J(T, µ, ν)
=
∫
+∞
−∞
|g(s)|
(
1
µ(QT )
∫
QT
| f (t − s)|ν(t)dt
)
ds
=
∫
+∞
−∞
|g(s)|φT (s)ds,
where
φT (s) = 1
µ(QT )
∫
QT
| f (t − s)|ν(t)dt
=
µ(QT+|s|)
µ(QT ) .
1
µ(QT+|s|)
∫
QT
| f (t − s)|ν(t)dt
≤
µ(QT+|s|)
µ(QT ) .
1
µ(QT+|s|)
∫
QT+|s|
| f (t)|ν(t + s)dt.
Using the fact that ν ∈ UInv∞ and Eq. (2.6), one can easily see that φT (s) 7→ 0 as T 7→ ∞ for
all s ∈ R. Next, since φT is bounded, i.e.,
|φT (s)| ≤ ‖ f ‖∞ . sup
T>0
ν(QT )
µ(QT ) < ∞
and g ∈ L1(R), using the Lebesgue Dominated Convergence Theorem it follows that
lim
T→∞
{∫
+∞
−∞
|g(s)|φT (s)ds
}
= 0,
and hence f ∗ g ∈ PAP0(R, µ, ν). 
Corollary 2.15. Let µ ∈ U∞ and let ν ∈ UInv∞ such that Eqs. (2.5) – (2.6) hold. If
f ∈ PAP(R, µ, ν) and g ∈ L1(R), then f ∗ g belongs to PAP(R, µ, ν).
Theorem 2.16. [10, Diagana] If µ, ν ∈ U∞ such that the space PAP0(X, µ, ν) is translation-
invariant and if
inf
T>0
[
ν(QT )
µ(QT )
]
= δ0 > 0,(2.7)
then the decomposition of doubly-weighted pseudo-almost periodic functions is unique.
Theorem 2.17. [10, Diagana] Let µ, ν ∈ U∞ and let f ∈ PAP(Y,X, µ, ν) satisfying the
Lipschitz condition
‖ f (t, u) − f (t, v)‖ ≤ L . ‖u − v‖Y for all u, v ∈ Y, t ∈ R.
If h ∈ PAP(Y, µ, ν), then f (·, h(·)) ∈ PAP(X, µ, ν).
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3. Existence of a Doubly-WeightedMean for Almost Periodic Functions
Let µ, ν ∈ U∞. If f : R 7→ X is a bounded continuous function, we define its doubly-
weighted mean, if the limit exists, by
M( f , µ, ν) := lim
T→∞
1
µ(QT )
∫
QT
f (t)ν(t)dt.
It is well-known that if f ∈ AP(X), then its mean defined by
M( f ) := lim
T→∞
1
2T
∫
QT
f (t)dt
exists [6]. Consequently, for every λ ∈ R, the following limit
a( f , λ) := lim
T→∞
1
2T
∫
QT
f (t)e−iλtdt
exists and is called the Bohr transform of f .
It is well-known that a( f , λ) is nonzero at most at countably many points [6]. The set
defined by
σb( f ) :=
{
λ ∈ R : a( f , λ) , 0
}
is called the Bohr spectrum of f [19].
Theorem 3.1. (Approximation Theorem) [17, 19] Let f ∈ AP(X). Then for every ε > 0
there exists a trigonometric polynomial
Pε(t) =
n∑
k=1
ake
iλkt
where ak ∈ X and λk ∈ σb( f ) such that ‖ f (t) − Pε(t)‖ < ε for all t ∈ R.
In Liang et al. [18], the original question which consists of the existence of a weighted
mean for almost periodic functions was raised. In particular, Liang et al. have shown
through an example that there exist weights for which a weighted mean for almost periodic
functions may not exist. In this section we investigate the broader question, which consists
of the existence of a doubly-weighted mean for almost periodic functions. Namely, we
give some sufficient conditions, which do guarantee the existence of a doubly-weighted
mean for almost periodic functions. Moreover, under those conditions, it will be shown
that the doubly-weighted mean and the classical (Bohr) mean are proportional (Theorem
3.2). Further, it will be shown that if the doubly-weighted Bohr spectrum of an almost
periodic function exists, then it is either empty or coincides with the Bohr spectrum of that
function.
We have
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Theorem 3.2. Let µ, ν ∈ U∞ and suppose that lim
T→∞
ν(QT )
µ(QT ) = θµν. If f : R 7→ X is an
almost periodic function such that
lim
T→∞
∣∣∣∣∣∣ 1µ(QT )
∫
QT
eiλtν(t)dt
∣∣∣∣∣∣ = 0(3.1)
for all 0 , λ ∈ σb( f ), then the doubly-weighted mean of f ,
M( f , µ, ν) = lim
T→∞
1
µ(QT )
∫
QT
f (t)ν(t)dt
exists. Furthermore, M( f , µ, ν) = θµνM( f ).
Proof. If f is a trigonometric polynomial, say, f (t) =
n∑
k=0
ake
iλkt where ak ∈ X − {0} and
λk ∈ R for k = 1, 2, ..., n, then σb( f ) = {λk : k = 1, 2, ..., n}. Moreover,
1
µ(QT )
∫
QT
f (t)ν(t)dt = a0 ν(QT )
µ(QT ) +
1
µ(QT )
∫
QT
[ n∑
k=1
ake
iλkt
]
ν(t)dt
= a0
ν(QT )
µ(QT ) +
n∑
k=1
ak
[ 1
µ(QT )
∫
QT
eiλktν(t)dt
]
and hence∥∥∥∥∥∥ 1µ(QT )
∫
QT
f (t)ν(t)dt − a0 ν(QT )
µ(QT )
∥∥∥∥∥∥ ≤
n∑
k=1
‖ak‖
∣∣∣∣ 1
µ(QT )
∫
QT
eiλktν(t)dt
∣∣∣∣
which by Eq. (3.1) yields∥∥∥∥∥∥ 1µ(QT )
∫
QT
f (t)ν(t)dt − a0θµν
∥∥∥∥∥∥ → 0 as T → ∞
and therefore M( f , µ, ν) = a0θµν = θµνM( f ).
If in the finite sequence of λk there exist λnk = 0 for k = 1, 2, ...l with am ∈ X − {0} for
all m , nk (k = 1, 2, ..., l), it can be easily shown that
M( f , µ, ν) = θµν
l∑
k=1
ank = θµνM( f ).
Now if f : R 7→ X is an arbitrary almost periodic function, then for every ε > 0 there
exists a trigonometric polynomial (Theorem 3.1) Pε defined by
Pε(t) =
n∑
k=1
ake
iλkt
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where ak ∈ X and λk ∈ σb( f ) such that
‖ f (t) − Pε(t)‖ < ε(3.2)
for all t ∈ R.
Proceeding as in Bohr [6] it follows that there exists T0 such that for all T1, T2 > T0,∥∥∥∥ 1
µ(QT1 )
∫
QT1
Pε(t)ν(t)dt − 1
µ(QT2 )
∫
QT2
Pε(t)ν(t)dt
∥∥∥∥ = θµν∥∥∥∥M(Pε) − M(Pε)∥∥∥∥ = 0 < ε.
In view of the above it follows that for all T1, T2 > T0,
∥∥∥∥ 1
µ(QT1 )
∫
QT1
f (t)ν(t)dt − 1
µ(QT2 )
∫
QT2
f (t)ν(t)dt
∥∥∥∥ ≤ 1
µ(QT1 )
∫
QT1
‖ f (t) − Pε(t)‖ν(t)dt
+
∥∥∥∥ 1
µ(QT1 )
∫
QT1
Pε(t)ν(t)dt − 1
µ(QT2 )
∫
QT2
Pε(t)ν(t)dt
∥∥∥∥
+
1
µ(QT2 )
∫
QT2
‖ f (t) − Pε(t)‖ν(t)dt < 3ε.

Example 3.3. Fix a natural number N > 1. Let µ(t) = e|t| and ν(t) = (1 + |t|)N for all
t ∈ R, which yields θµν = 0. If ϕ : R 7→ X is a (nonconstant) almost periodic function, then
according to the previous theorem, its doubly-weighted mean M(ϕ, µ, ν) exists. Moreover,
lim
T→∞
1
2(eT − 1)
∫
QT
f (t)(1 + |t|)Ndt = 0. lim
T→∞
1
2T
∫
QT
f (t)dt = 0.
Consider the set of weights U0∞ defined by
U
0
∞ =
{
µ ∈ U∞ : Dτ := lim
|t|→∞
µ(Qt+τ)
µ(Qt) < ∞ for all τ ∈ R
}
.
Setting, Cτ = lim
|t|→∞
µ(Qt + τ)
µ(Qt) , one can easily see that Cτ ≤ Dτ < ∞ for all τ ∈ R.
Corollary 3.4. Fix µ, ν ∈ U0∞ and suppose that limT→∞
ν(QT )
µ(QT ) = θµν. If f : R 7→ X is an
almost periodic function such that Eq. (3.1) holds, then
M( fa, µ, νa) = C−aθµνM( f ) = C−aM( f , µ, ν)(3.3)
uniformly in a ∈ R, where
M( fb, µ, νb) = lim
T→∞
1
µ(QT )
∫
QT
fb(t)νb(t)dt = lim
T→∞
1
µ(QT )
∫
QT
f (t + b)ν(t + b)dt
for each b ∈ R.
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Proof. Clearly, the existence of M( f , µ, ν) is guaranteed by Theorem 3.2. Without lost of
generality, suppose a > 0. Now since f ∈ AP(X) it follows that fa : t 7→ f (t + a) belongs
to AP(X). Moreover, the weight νa defined by νa(t) = ν(t + a) for all t ∈ R belongs to U0∞.
Now
∣∣∣∣ ∫
QT
eiλtνa(t)dt
∣∣∣∣ = ∣∣∣∣ ∫
QT−a
eiλ(t−a)ν(t)dt
∣∣∣∣ = ∣∣∣∣ ∫
QT−a
eiλtν(t)dt
∣∣∣∣ ≤ ∣∣∣∣ ∫
QT+a
eiλtν(t)dt
∣∣∣∣
and hence
lim
T→∞
∣∣∣∣ 1
µ(QT )
∫
QT
eiλtνa(t)dt
∣∣∣∣ = lim
T→∞
∣∣∣∣ 1
µ(QT )
∫
QT−a
eiλtν(t)dt
∣∣∣∣
≤ lim
T→∞
∣∣∣∣ 1
µ(QT )
∫
QT+a
eiλtν(t)dt
∣∣∣∣
= lim
T→∞
∣∣∣∣µ(QT+a)
µ(QT )
1
µ(QT+a)
∫
QT+a
eiλtν(t)dt
∣∣∣∣
= Da lim
T→∞
∣∣∣∣ 1
µ(QT+a)
∫
QT+a
eiλtν(t)dt
∣∣∣∣
= 0.
Now
lim
T→∞
νa(QT )
µ(QT ) = C−aθµν.
Using Theorem 3.2 it follows that for every ϕ ∈ AP(X),
M(ϕa, µ, νa) = lim
T→∞
1
µ(QT )
∫
QT
ϕa(t)νa(t)dt
exists. Furthermore, M(ϕa, µ, νa) = C−aθµνM(ϕa) for all a ∈ R. In particular,
M( fa, µ, νa) = C−aθµνM( fa) uniformly in a ∈ R. Now from Bohr [6], M( fa) = M( f )
uniformly in a ∈ R, which completes the proof.

Definition 3.5. Fix µ, ν ∈ U∞ and suppose that lim
T→∞
ν(QT )
µ(QT ) = θµν. If f : R 7→ X is an
almost periodic function such that Eq. (3.1) holds, we then define its doubly-weighted
Bohr transform as
âµν( f )(λ) := lim
T→∞
1
µ(QT )
∫
QT
f (t)e−iλtν(t)dt for all λ ∈ R.
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Now since t 7→ gλ(t) := f (t)e−iλt ∈ AP(X) it follows that
âµν( f )(λ) = θµνM( f (·)e−iλ·) = θµνa( f , λ).
That is, under Eq. (3.1),
âµν( f )(λ) := lim
T→∞
1
µ(QT )
∫
QT
f (t)e−iλtν(t)dt = θµν lim
T→∞
1
2T
∫
QT
f (t)e−iωtdt = θµνa( f , λ)
for all λ ∈ R.
In summary, there are two possibilities for the doubly-weighted Bohr spectrum of an
almost periodic function. Indeed,
1) If lim
T→∞
ν(QT )
µ(QT ) = θµν = 0, then âµν( f )(λ) = θµνa( f , λ) = 0 for all λ ∈ R. In that event,
the doubly-weighted Bohr spectrum of f is
σ
µν
b ( f ) :=
{
λ ∈ R : âµν( f )(λ) , 0
}
= ∅.
2) If lim
T→∞
ν(QT )
µ(QT ) = θµν , 0, then âµν( f )(λ) = θµνa( f , λ) exists for all λ ∈ R and
is nonzero at most at countably many points. In that event, the doubly-weighted Bohr
spectrum of f is
σ
µν
b ( f ) :=
{
λ ∈ R : âµν( f )(λ) , 0
}
=
{
λ ∈ R : a( f , λ) , 0
}
,
that is, σµνb ( f ) = σb( f ). In particular, σµµb ( f ) = σb( f ).
4. Existence of Doubly-Weighted Pseudo-Almost Periodic Solutions to Some
Differential Equations
In this Section, we fix two weights µ, ν ∈ U∞ such that PAP(X, µ, ν) is translation-
invariant and Eq. (2.7) holds. Under these assumptions, it can be easily shown that
PAP(X, µ, ν) is a Banach space when equipped with the sup norm.
In what follows, we denote by Γ1 and Γ2, the nonlinear integral operators defined by
(Γ1u)(t) :=
∫ t
−∞
U(t, s)P(s)g(s, u(s))ds, and
and
(Γ2u)(t) :=
∫ ∞
t
UQ(t, s)Q(s)g(s, u(s))ds.
To study the existence of doubly-weighted pseudo-almost periodic solutions to Eq. (1.1)
we will assume that the following assumptions hold:
(H.1) The family of closed linear operators A(t) for t ∈ R on X with domain D(A(t))
(possibly not densely defined) satisfy Acquistapace and Terreni conditions, that is,
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there exist constants ω ∈ R, θ ∈
(
π
2 , π
)
, L > 0 and µ, ν ∈ (0, 1] with µ + ν > 1 such
that
Σθ ∪
{
0
}
⊂ ρ
(
A(t) − ω
)
∋ λ, ‖R(λ, A(t) − ω)‖ ≤ K
1 + |λ|
for all t ∈ R,
and
‖(A(t) − ω)R(λ, A(t) − ω) [R(ω, A(t)) − R(ω, A(s))]‖ ≤ L |t − s|
µ
|λ|ν
for t, s ∈ R, λ ∈ Σθ := {λ ∈ C \ {0} : | argλ| ≤ θ}.
(H.2) The evolution family U = {U(t, s)}t≥s generated by A(·) has an exponential
dichotomy with constants N, δ > 0 and dichotomy projections P(t) for t ∈ R.
(H.3) There exists 0 ≤ α < 1 such that
X
t
α = Xα
for all t ∈ R, with uniform equivalent norms.
(H.4) R(ω, A(·)) ∈ AP(B(Xα)).
(H.5) The function g : R × X 7→ X belongs to PAP(X,X, µ, ν). Moreover, the functions
g are uniformly Lipschitz with respect to the second argument in the following
sense: there exists K > 0 such that
‖g(t, u) − g(t, v)‖ ≤ K‖u − v‖
for all u, v ∈ X and t ∈ R.
If 0 < α < 1, then the nonnegative constant k will denote the bounds of the embedding
Xα →֒ X, that is,
‖x‖ ≤ k‖x‖α
for all x ∈ Xα.
To study the existence and uniqueness of doubly-weighted pseudo-almost periodic
solutions to Eq. (1.1) we first introduce the notion of mild solution.
Definition 4.1. A continuous function u : R 7→ Xα is said to be a mild solution to Eq. (1.1)
if
u(t) = U(t, s)u(s) +
∫ t
s
U(t, s)P(s)g(s, u(s))ds−
∫ s
t
U(t, s)Q(s)g(s, u(s))ds
for t ≥ s and for all t, s ∈ R.
Under previous assumptions (H.1)-(H.5), it can be easily shown Eq. (1.1) has a unique
mild solution given by
u(t) =
∫ t
−∞
U(t, s)P(s)g(s, u(s))ds−
∫ ∞
t
UQ(t, s)Q(s)g(s, u(s))ds
for each t ∈ R.
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Lemma 4.2. Under assumptions (H.1)—(H.5), the integral operators Γ1 and Γ2 defined
above map PAP(Xα, µ, ν) into itself.
Proof. Let u ∈ PAP(Xα, µ, ν). Setting h(t) = g(t, u(t)) and using the theorem of
composition of doubly-weighted pseudo-almost periodic functions (Theorem 2.17) it
follows that h ∈ PAP(X, µ, ν). Now write h = φ + ζ where φ ∈ AP(X) and ζ ∈
PAP0(X, µ, ν). The nonlinear integral operator Γ1u can be rewritten as
(Γ1u)(t) =
∫ t
−∞
U(t, s)P(s)φ(s)ds +
∫ t
−∞
U(t, s)P(s)ζ(s)ds.
Set
Φ(t) =
∫ t
−∞
U(t, s)P(s)φ(s)ds
and
Ψ(t) =
∫ t
−∞
U(t, s)P(s)ζ(s)ds
for each t ∈ R.
The next step consists of showing thatΦ ∈ AP(Xα) andΨ ∈ PAP0(Xα, µ, ν). Obviously,
Φ ∈ AP(Xα). Indeed, since φ ∈ AP(X), for every ε > 0 there exists l(ε) > 0 such that for
every interval of length l(ε) contains a τ with the property
‖φ(t + τ) − φ(t)‖ < εC for each t ∈ R,
where C = δ
1−α
c(α)21−αΓ(1 − α) with Γ being the classical Γ function.
Now
Φ(t + τ) −Φ(t) =
∫ t+τ
−∞
U(t + τ, s)P(s)φ(s)ds −
∫ t
−∞
U(t, s)P(s)φ(s)ds
=
∫ t
−∞
U(t + τ, s + τ)P(s + τ)φ(s + τ)ds −
∫ t
−∞
U(t, s)P(s)φ(s)ds
=
∫ t
−∞
U(t + τ, s + τ)P(s + τ)φ(s + τ)ds
−
∫ t
−∞
U(t + τ, s + τ)P(s + τ)φ(s)ds
+
∫ t
−∞
U(t + τ, s + τ)P(s + τ)φ(s)ds −
∫ t
−∞
U(t, s)P(s)φ(s)ds
=
∫ t
−∞
U(t + τ, s + τ)P(s + τ)
(
φ(s + τ) − φ(s)
)
ds
+
∫ t
−∞
(
U(t + τ, s + τ)P(s + τ) − U(t, s)P(s)
)
φ(s)ds.
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Using [4, 22] it follows that∥∥∥∥∥∥
∫ t
−∞
[
U(t + τ, s + τ)P(s + τ) − U(t, s)P(s)
]
φ(s)ds
∥∥∥∥∥∥
α
≤
2‖φ‖∞
δ
ε.
Similarly, using (2.3), it follows that∥∥∥∥∥∥
∫ t
−∞
U(t + τ, s + τ)P(s + τ)(φ(s + τ) − φ(s))ds
∥∥∥∥∥∥
α
≤ ε.
Therefore,
‖Φ(t + τ) −Φ(t)‖α <
(
1 + 2‖φ‖∞
δ
)
ε for each t ∈ R,
and hence, Φ ∈ AP(Xα).
To complete the proof for Γ1, we have to show that Ψ ∈ PAP0(Xα, µ, ν). First, note that
s 7→ Ψ(s) is a bounded continuous function. It remains to show that
lim
T→∞
1
µ(QT )
∫
QT
‖Ψ(t)‖αν(t)dt = 0.
Again using Eq. (2.3) it follows that
lim
T→∞
1
µ(QT )
∫
QT
‖Ψ(t)‖αν(t)dt ≤ lim
T→∞
c(α)
µ(QT )
∫
QT
∫
+∞
0
s−αe−
δ
2 s‖ζ(t − s)‖ν(t)dsdt
≤ lim
T→∞
c(α)
∫
+∞
0
s−αe−
δ
2 s
1
µ(QT )
∫
QT
‖ζ(t − s)‖ν(t)dtds.
Set
Γs(T ) = 1
µ(QT )
∫
QT
‖ζ(t − s)‖ν(t)dt.
Since PAP0(X, µ, ν) is assumed to be translation invariant and that Eq. (2.7) holds, it
follows that t 7→ ζ(t − s) belongs to PAP0(X, µ, ν) for each s ∈ R, and hence
lim
T 7→∞
1
µ(QT )
∫
QT
‖ζ(t − s)‖ν(t)dt = 0
for each s ∈ R.
One completes the proof by using the well-known Lebesgue Dominated Convergence
Theorem and the fact Γs(T ) 7→ 0 as T → ∞ for each s ∈ R.
The proof for Γ2u(·) is similar to that of Γ1u(·). However one makes use of Eq. (2.4)
rather than Eq. (2.3). 
Theorem 4.3. Under assumptions (H.1)—(H.5), then Eq. (1.1) has a unique doubly-
weighted pseudo-almost periodic mild solution whenever K is small enough.
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Proof. Consider the nonlinear operatorM defined on PAP(Xα, µ, ν) by
Mu(t) =
∫ t
−∞
U(t, s)P(s)g(s, u(s))ds−
∫ ∞
t
UQ(t, s)Q(s)g(s, u(s))ds
for each t ∈ R.
In view of Lemma 4.2, it follows that M maps PAP(Xα, µ, ν) into itself. To complete
the proof one has to show thatM has a unique fixed-point.
If v,w ∈ PAP(Xα, µ, ν), then
‖Γ1(v)(t) − Γ1(w)(t)‖α ≤
∫ t
−∞
‖U(t, s)P(s) [g(s, v(s)) − g(s,w(s))] ‖αds
≤
∫ t
−∞
c(α)(t − s)−αe− δ2 (t−s)‖g(s, v(s)) − g(s,w(s))‖ds
≤ Kc(α)
∫ t
−∞
(t − s)−αe− δ2 (t−s)‖v(s) − w(s)‖ds
≤ kKc(α)
∫ t
−∞
(t − s)−αe− δ2 (t−s)‖v(s) − w(s)‖αds
≤ kKc(α)21−α Γ(1 − α)δα−1‖v − w‖α,∞,
and
‖Γ2(v)(t) − Γ2(w)(t)‖α ≤
∫ ∞
t
‖UQ(t, s)Q(s) [g(s, v(s)) − g(s,w(s))] ‖αds
≤
∫ ∞
t
m(α)eδ(t−s)‖g(s, v(s)) − g(s,w(s))‖ds
≤
∫ ∞
t
m(α)Keδ(t−s)‖v(s) − w(s)‖ds
≤ km(α)K
∫ ∞
t
eδ(t−s)‖v(s) − w(s)‖αds
≤ Kkm(α)‖v − w‖α,∞
∫
+∞
t
eδ(t−s)ds
= Kkm(α)δ−1‖v − w‖α,∞,
where ‖u‖α,∞ := sup
t∈R
‖u(t)‖α .
Combining previous approximations it follows that
‖Mv −Mw‖∞,α ≤ KC(α, δ) . ‖v − w‖α,∞,
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where C(α, δ) = km(α)δ−1 + kc(α)21−α Γ(1 − α)δα−1 > 0 is a constant, and hence if the
Lipschitz K is small enough, then Eq. (1.1) has a unique solution, which obviously is its
only doubly-weighted pseudo-almost periodic mild solution. 
References
[1] R. P. Agarwal, B. de Andrade, and C. Cuevas, Weighted pseudo-almost periodic solutions of a class of
semilinear fractional differential equations. Nonlinear Anal. (RWA) 11 (2010), no. 5, 3532–3554.
[2] B. Amir and L. Maniar, Composition of pseudo-almost periodic functions and Cauchy problems with
operator of nondense domain. Ann. Math. Blaise Pascal 6 (1999), no. 1, 1–11.
[3] M. Baroun, S. Boulite, T. Diagana, and L. Maniar, Almost periodic solutions to some semilinear non-
autonomous thermoelastic plate equations. J. Math. Anal. Appl. 349(2009), no. 1, 74–84.
[4] M. Baroun, S. Boulite, G. M. N’Gue´re´kata, and L. Maniar, Almost automorphy of semilinear parabolic
evolution equations. Electron. J. Differential Equations. 2008 (2008), no. 60, 1–9.
[5] J. Blot, G. M. Mophou, G. M. N’Gue´re´kata, and D. Pennequin, Weighted pseudo-almost automorphic
functions and applications to abstract differential equations. Nonlinear Anal. 71(2009), nos. 3–4, 903–909.
[6] H. Bohr, Almost periodic functions. Chelsea Publishing Company, New York, 1947.
[7] N. Boukli-Hacenea and K. Ezzinbi, Weighted pseudo-almost periodic solutions for some partial functional
differential equations. Nonlinear Anal. 71 (2009), no. 9, 3612–3621.
[8] N. Boukli-Hacenea and K. Ezzinbi, Weighted pseudo-almost automorphic solutions for some partial
functional differential equations. Nonlinear Anal. (RWA) 12 (2011), no. 1, 562–570.
[9] D. Bugajewski and T. Diagana, Almost automorphy of the convolution operator and applications to
differential and functional differential equations, Nonlinear Stud. 13 (2006), no. 2, 129–140.
[10] T. Diagana, Doubly-weighted pseudo almost periodic functions. Preprint. 2010.
[11] T. Diagana, Weighted pseudo-almost periodic functions and applications. C. R. Acad. Sci. Paris, Ser I 343
(2006), no. 10, 643–646.
[12] T. Diagana, G. M. Mophou, and G. M. N’Gue´re´kata, Existence of weighted pseudo-almost periodic
solutions to some classes of differential equations with Sp-weighted pseudo-almost periodic coefficients.
Nonlinear Anal. 72 (2010), no. 1, 430–438.
[13] T. Diagana, Existence of weighted pseudo-almost periodic solutions to some classes of hyperbolic evolution
equations. J. Math. Anal. Appl. 350 (2009), no. 1, 18–28.
[14] T. Diagana, Weighted pseudo-almost periodic solutions to a neutral delay integral equation of advanced
type. Nonlinear Anal. 70 (2009), no. 1, 298–304.
[15] T. Diagana, Existence of weighted pseudo-almost periodic solutions to some non-autonomous differential
equations. Int. J. Evol. Equ. 2 (2008), no. 4, 397–410.
[16] Y. Komori and S. Shirai, Weighted Morrey spaces and a singular integral operator. Math. Nachr. 282 (2009),
no. 2, 219-231.
[17] B. M. Levitan and V. V. Zhikov, Almost periodic functions and differential equations. Moscow Univ. Publ.
House 1978. English Translation by Cambridge University Press, 1982.
[18] J. Liang, T.-J. Xiao, and J. Zhang, Decomposition of weighted pseudo-almost periodic functions. Nonlinear
Anal. 73 (2010), no. 10, 3456–3461.
[19] J. H. Liu, G. M. N’Gue´re´kata, and N. V. Minh, Topics on stability and periodicity in abstract differential
equations. Series on Concrete and Applicable Mathematics, Vol. 6, World Scientific, 2008.
[20] J. H. Liu, X. Q. Song, and P. L. Zhang, Weighted pseudo-almost periodic mild solutions of semilinear
evolution equations with nonlocal conditions. Appl. Math. Comput. Vol. 215 (2009), no. 5, 1647–1652.
[21] J. H. Liu and X. Q. Song, Almost automorphic and weighted pseudo-almost automorphic solutions of
semilinear evolution equations. J. Funct. Anal. 258 (2010), no. 1, 196–207.
18 TOKA DIAGANA
[22] L. Maniar and R. Schnaubelt, Almost periodicity of inhomogeneous parabolic evolution equations, Lecture
Notes in Pure and Appl. Math. 234 (2003), Dekker, New York, 299-318.
[23] T-J. Xiao, J. Liang, and J. Zhang, Pseudo-almost automorphic solutions to semilinear differential equations
in Banach spaces. Semigroup Forum 76 (2008), no. 3, 518–524.
[24] T. J. Xiao, X-X. Zhu, and J. Liang, Pseudo-almost automorphic mild solutions to nonautonomous differential
equations and applications. Nonlinear Anal. 70 (2009), no. 11, 4079–4085.
[25] C. Y. Zhang, Pseudo-almost periodic solutions of some differential equations. J. Math. Anal. Appl 181
(1994), no. 1, 62–76.
[26] C. Y. Zhang, Pseudo-almost periodic solutions of some differential equations. II. J. Math. Anal. Appl 192
(1995), no. 2, 543–561.
[27] C. Y. Zhang, Integration of vector-valued pseudo-almost periodic functions, Proc. Amer. Math. Soc 121
(1994), no. 1, pp. 167–174.
[28] L. Zhang and Y. Xu, Weighted pseudo-almost periodic solutions of a class of abstract differential equations.
Nonlinear Anal. 71 (2009), no. 9, 3705–3714.
[29] L. L. Zhang and H. X. Li, Weighted pseudo-almost periodic solutions for some abstract differential equations
with uniform continuity. Bull. Aust. Math. Soc. 82 (2010), 424–436.
Department ofMathematics, Howard University, 2441 6th Street N.W., Washington, D.C. 20059, USA
E-mail address: tdiagana@howard.edu
